


-
Thomas H. Cormen

Charles E. Leiserson

Ronald L. Rivest

Clifford Stein

I ntroduction to Algorithms
Third Edition

The MIT Press
Cambridge, Massachusetts London, England



27 Multithreaded Algorithms

The vast majority of algorithms in this book aserial algorithms suitable for
running on a uniprocessor computer in which only one insitvacexecutes at a
time. In this chapter, we shall extend our algorithmic madetncompasparallel
algorithms which can run on a multiprocessor computer that permitstiphel
instructions to execute concurrently. In particular, walskxplore the elegant
model of dynamic multithreaded algorithms, which are arbén#o algorithmic
design and analysis, as well as to efficient implementatiquractice.

Parallel computers—computers with multiple processingsarhave become
increasingly common, and they span a wide range of priceparfidrmance. Rela-
tively inexpensive desktop and laptobip multiprocessorgontain a singlenulti-
coreintegrated-circuit chip that houses multiple processioyés,” each of which
is a full-fledged processor that can access a common memdrgn Mtermedi-
ate price/performance point are clusters built from irdlinl computers—often
simple PC-class machines—with a dedicated network interecting them. The
highest-priced machines are supercomputers, which oenaucombination of
custom architectures and custom networks to deliver thiedsigperformance in
terms of instructions executed per second.

Multiprocessor computers have been around, in one form othan for
decades. Although the computing community settled on thdam-access ma-
chine model for serial computing early on in the history ofnpuiter science, no
single model for parallel computing has gained as wide deoep. A major rea-
son is that vendors have not agreed on a single architeatuwdkl for parallel
computers. For example, some parallel computers feahaed memorywhere
each processor can directly access any location of mematyer@arallel com-
puters employistributed memorywhere each processor's memory is private, and
an explicit message must be sent between processors infordere processor to
access the memory of another. With the advent of multicarlenglogy, however,
every new laptop and desktop machine is now a shared-meracaijlgd computer,
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and the trend appears to be toward shared-memory multgsmge Although time
will tell, that is the approach we shall take in this chapter.

One common means of programming chip multiprocessors dmel shared-
memory parallel computers is by usistgtic threading which provides a software
abstraction of “virtual processors,” tlireads sharing a common memory. Each
thread maintains an associated program counter and cantexsmde indepen-
dently of the other threads. The operating system loadseadhonto a processor
for execution and switches it out when another thread needsit Although the
operating system allows programmers to create and destregds, these opera-
tions are comparatively slow. Thus, for most applicatidhseads persist for the
duration of a computation, which is why we call them “stétic.

Unfortunately, programming a shared-memory parallel agepdirectly using
static threads is difficult and error-prone. One reason as dynamically parti-
tioning the work among the threads so that each thread exeigproximately
the same load turns out to be a complicated undertaking. Mobat the sim-
plest of applications, the programmer must use complex aomation protocols
to implement a scheduler to load-balance the work. Thi sthfffairs has led
toward the creation ofoncurrency platforms which provide a layer of software
that coordinates, schedules, and manages the parallglttimg resources. Some
concurrency platforms are built as runtime libraries, libees provide full-fledged
parallel languages with compiler and runtime support.

Dynamic multithreaded programming

One important class of concurrency platforndigramic multithreading which is
the model we shall adopt in this chapter. Dynamic multittineg allows program-
mers to specify parallelism in applications without wongiabout communication
protocols, load balancing, and other vagaries of statieaith programming. The
concurrency platform contains a scheduler, which load+izds the computation
automatically, thereby greatly simplifying the programimehore. Although the
functionality of dynamic-multithreading environmentssiil evolving, almost all
support two features: nested parallelism and paralleldoddested parallelism
allows a subroutine to be “spawned,” allowing the caller toceed while the
spawned subroutine is computing its result. A parallel l@fike an ordinary
for loop, except that the iterations of the loop can execute mantly.

These two features form the basis of the model for dynamiditnidading that
we shall study in this chapter. A key aspect of this model & the programmer
needs to specify only the logical parallelism within a cotagion, and the threads
within the underlying concurrency platform schedule aratikbalance the compu-
tation among themselves. We shall investigate multitredadgorithms written for
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this model, as well how the underlying concurrency platfaan schedule compu-
tations efficiently.
Our model for dynamic multithreading offers several impattadvantages:

* ltis a simple extension of our serial programming model. \Ale describe a
multithreaded algorithm by adding to our pseudocode jusithconcurrency”
keywords: parallel, spawn, andsync. Moreover, if we delete these concur-
rency keywords from the multithreaded pseudocode, thdtieguext is serial
pseudocode for the same problem, which we call the “segid@in” of the mul-
tithreaded algorithm.

* It provides a theoretically clean way to quantify para#ielibased on the no-
tions of “work” and “span.”

* Many multithreaded algorithms involving nested paradiglifollow naturally
from the divide-and-conquer paradigm. Moreover, just amksdivide-and-
conquer algorithms lend themselves to analysis by soléegrrences, so do
multithreaded algorithms.

* The model is faithful to how parallel-computing practicesilving. A grow-
ing number of concurrency platforms support one variantottzer of dynamic
multithreading, including Cilk [51, 118], Cilk++ [72], OpMP [60], Task Par-
allel Library [230], and Threading Building Blocks [292].

Section 27.1 introduces the dynamic multithreading moddl@esents the met-
rics of work, span, and parallelism, which we shall use tdyemamultithreaded
algorithms. Section 27.2 investigates how to multiply necat with multithread-
ing, and Section 27.3 tackles the tougher problem of muététling merge sort.

27.1 Thebasicsof dynamic multithreading

We shall begin our exploration of dynamic multithreadingngsthe example of
computing Fibonacci numbers recursively. Recall that tieiacci numbers are
defined by recurrence (3.22):

Frb = 0,
Fr =1,
FF = F_ i +F_ fori >2.

Here is a simple, recursive, serial algorithm to compute:theé-ibonacci number:
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(Fe@) (FB())  (FB@) (FB()) (FIB(1)) (FIB(D))
(FB@) (Fe()) (FB()) (FBO) (FB()) (FEBO))  (FB)) (FB(O)
FiB(1) FiB(0)

Figure27.1 The tree of recursive procedure instances when computia¢p}: Each instance of
FiB with the same argument does the same work to produce the sanig providing an inefficient
but interesting way to compute Fibonacci numbers.

FIB(n)
1 ifn<l
2 return n

3 dsex =FBn—1)
4 y = FIB(n —2)
5 return x +y

You would not really want to compute large Fibonacci numlbis way, be-
cause this computation does much repeated work. Figureshpuss the tree of
recursive procedure instances that are created when cimgpigt For example,
a call to AB(6) recursively calls B(5) and then B (4). But, the call to k8 (5)
also results in a call to1B(4). Both instances of iB(4) return the same result
(F4 = 3). Since the B procedure does not memoize, the second calliBq$
replicates the work that the first call performs.

Let T'(n) denote the running time ofiB(r). Since FB(n) contains two recur-
sive calls plus a constant amount of extra work, we obtaingharrence

T(n) =T —1)+Th—2)+6O().

This recurrence has solutidi(n) = ®(F,), which we can show using the substi-
tution method. For an inductive hypothesis, assume®ita) < a F,, — b, where
a > 1 andb > 0 are constants. Substituting, we obtain
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T(n) (aFy—1 —b) + (aF,— — D) + O(1)
a(Fn—l + Fn—2) —2b + ®(l)

= aF,—b—(b—0(1))

< aF,—-b

if we chooseb large enough to dominate the constant in &d). We can then
choosex large enough to satisfy the initial condition. The analtticound

T'(n) = ©(¢") (27.1)

where¢ = (1 + +/5)/2 is the golden ratio, now follows from equation (3.25).
Since F,, grows exponentially im, this procedure is a particularly slow way to
compute Fibonacci numbers. (See Problem 31-3 for muchrfastgs.)

Although the KB procedure is a poor way to compute Fibonacci numbers, it
makes a good example for illustrating key concepts in théaiseof multithreaded
algorithms. Observe that withinig(r), the two recursive calls in lines 3 and 4 to
FiB(n — 1) and BB (n — 2), respectively, are independent of each other: they could
be called in either order, and the computation performedrigyin no way affects
the other. Therefore, the two recursive calls can run inlighra

We augment our pseudocode to indicate parallelism by addmgoncurrency
keywordsspawn andsync. Here is how we can rewrite thad-procedure to use
dynamic multithreading:

P-FB(n)
1 ifn<l1
2 return n

3 dsex = spawn P-AB(n — 1)
4 y = P-AB(n —2)
5 sync
6 returnx +y

Notice that if we delete the concurrency keywosgswn andsync from P-HB,
the resulting pseudocode text is identical te Fother than renaming the procedure
in the header and in the two recursive calls). We defineséin@lizationof a mul-
tithreaded algorithm to be the serial algorithm that resfitim deleting the multi-
threaded keywordsspawn, sync, and when we examine parallel loopsrallel.
Indeed, our multithreaded pseudocode has the nice protiextya serialization is
always ordinary serial pseudocode to solve the same problem

Nested parallelismoccurs when the keyworgbawn precedes a procedure call,
as in line 3. The semantics of a spawn differs from an ordipaiogedure call in
that the procedure instance that executes the spawnpatent—may continue
to execute in parallel with the spawned subroutine—ftdd—instead of waiting
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for the child to complete, as would normally happen in a $evacution. In this
case, while the spawned child is computing B — 1), the parent may go on
to compute P-BB(n — 2) in line 4 in parallel with the spawned child. Since the
P-FiB procedure is recursive, these two subroutine calls themsereate nested
parallelism, as do their children, thereby creating a ity vast tree of subcom-
putations, all executing in parallel.

The keywordspawn does not say, however, that a procedomest execute con-
currently with its spawned children, only thatniy. The concurrency keywords
express thdogical parallelism of the computation, indicating which parts of the
computation may proceed in parallel. At runtime, it is up techedulerto deter-
mine which subcomputations actually run concurrently ®jgasng them to avail-
able processors as the computation unfolds. We shall digtwestheory behind
schedulers shortly.

A procedure cannot safely use the values returned by itsregghehildren until
after it executes aync statement, as in line 5. The keywosgnhc indicates that
the procedure must wait as necessary for all its spawnedrehilto complete be-
fore proceeding to the statement after syac. In the P-FB procedure, aync
is required before theeturn statement in line 6 to avoid the anomaly that would
occur if x and y were summed before was computed. In addition to explicit
synchronization provided by theync statement, every procedure executesgra
implicitly before it returns, thus ensuring that all its ldnén terminate before it
does.

A modd for multithreaded execution

It helps to think of amultithreaded computation-the set of runtime instruc-
tions executed by a processor on behalf of a multithreadegkam—as a directed
acyclic graphG = (V, E), called acomputation dag As an example, Figure 27.2
shows the computation dag that results from computingd4y. Conceptually,
the vertices inV are instructions, and the edgesAhrepresent dependencies be-
tween instructions, where:, v) € E means that instructiom must execute before
instructionv. For convenience, however, if a chain of instructions costao
parallel control (naspawn, sync, or return from a spawn—via either an explicit
return statement or the return that happens implicitly upon rewmgctihe end of
a procedure), we may group them into a singfiand each of which represents
one or more instructions. Instructions involving parattehtrol are not included
in strands, but are represented in the structure of the dagexample, if a strand
has two successors, one of them must have been spawned, addaveth mul-
tiple predecessors indicates the predecessors joinedisecé async statement.
Thus, in the general case, the $eforms the set of strands, and the #eof di-
rected edges represents dependencies between strandsdriguparallel control.
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P-FB(4)

P-FB(3) P-FB(2)

v

P-FB2)%” A P-FB(1) P-FB(1)

P-FB(1) P-FiB(0)

Figure 27.2 A directed acyclic graph representing the computation &fi®«). Each circle rep-
resents one strand, with black circles representing elthse cases or the part of the procedure
(instance) up to the spawn of Pgfn — 1) in line 3, shaded circles representing the part of the pro-
cedure that calls P4B(n — 2) in line 4 up to thesync in line 5, where it suspends until the spawn of
P-FB(n — 1) returns, and white circles representing the part of thequtoe after thesync where

it sumsx andy up to the point where it returns the result. Each group ohsisebelonging to the
same procedure is surrounded by a rounded rectangle ylighéided for spawned procedures and
heavily shaded for called procedures. Spawn edges anddggksepoint downward, continuation
edges point horizontally to the right, and return edgestpgward. Assuming that each strand takes
unit time, the work equal$? time units, since there ald strands, and the span8gime units, since
the critical path—shown with shaded edges—cont8iagands.

If G has a directed path from strando strandv, we say that the two strands are
(logically) in series Otherwise, strandg andv are(logically) in parallel.

We can picture a multithreaded computation as a dag of grambedded in a
tree of procedure instances. For example, Figure 27.1 stimnsee of procedure
instances for P-Ig (6) without the detailed structure showing strands. Figur@ 27.
zooms in on a section of that tree, showing the strands thettitate each proce-
dure. All directed edges connecting strands run eitherimviiprocedure or along
undirected edges in the procedure tree.

We can classify the edges of a computation dag to indicatkitigeof dependen-
cies between the various strandscdéntinuation edge(u, u’), drawn horizontally
in Figure 27.2, connects a strando its successon’ within the same procedure
instance. When a strandspawns a strand, the dag contains spawn edgéu, v),
which points downward in the figureCall edges representing normal procedure
calls, also point downward. Strandspawning strand differs fromu calling v
in that a spawn induces a horizontal continuation edge ftdmthe strand:’ fol-
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lowing u in its procedure, indicating that' is free to execute at the same time
asv, whereas a call induces no such edge. When a stramturns to its calling
procedure and is the strand immediately following the nesginc in the calling
procedure, the computation dag contaiesirn edge(u, x), which points upward.
A computation starts with a singimitial strand—the black vertex in the procedure
labeled P-FB(4) in Figure 27.2—and ends with a sindieal strand—the white
vertex in the procedure labeled RBIF4).

We shall study the execution of multithreaded algorithmsaandeal paral-
lel computer which consists of a set of processors argkquentially consistent
shared memory. Sequential consistency means that thelsharmaory, which may
in reality be performing many loads and stores from the @eoes at the same
time, produces the same results as if at each step, exaé&tlnsinuction from one
of the processors is executed. That is, the memory behavéshasinstructions
were executed sequentially according to some global lioeter that preserves the
individual orders in which each processor issues its owntingons. For dynamic
multithreaded computations, which are scheduled ontoegssmrs automatically
by the concurrency platform, the shared memory behavesths inhultithreaded
computation’s instructions were interleaved to produdeear order that preserves
the partial order of the computation dag. Depending on sadirey] the ordering
could differ from one run of the program to another, but theawior of any exe-
cution can be understood by assuming that the instructioms»ecuted in some
linear order consistent with the computation dag.

In addition to making assumptions about semantics, thd-phaallel-computer
model makes some performance assumptions. Specificallgsitmes that each
processor in the machine has equal computing power, anaadteg the cost of
scheduling. Although this last assumption may sound optimiit turns out that
for algorithms with sufficient “parallelism” (a term we shdkfine precisely in a
moment), the overhead of scheduling is generally minimakactice.

Performance measures

We can gauge the theoretical efficiency of a multithreadgdrahm by using two
metrics: “work” and “span.” Thevork of a multithreaded computation is the total
time to execute the entire computation on one processothbr avords, the work
is the sum of the times taken by each of the strands. For a datiggu dag in
which each strand takes unit time, the work is just the nunatbesertices in the
dag. Thespanis the longest time to execute the strands along any patleiddy.
Again, for a dag in which each strand takes unit time, the sjpials the number of
vertices on a longest aritical path in the dag. (Recall from Section 24.2 that we
can find a critical pathinadag = (V, E) in ©(V + E) time.) For example, the
computation dag of Figure 27.2 h&s vertices in all and vertices on its critical
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path, so that if each strand takes unit time, its work7gime units and its span
is 8 time units.

The actual running time of a multithreaded computation ddpenot only on
its work and its span, but also on how many processors aréablaiand how
the scheduler allocates strands to processors. To demmteuiming time of a
multithreaded computation ab processors, we shall subscript By For example,
we might denote the running time of an algorithm Bnprocessors byp. The
work is the running time on a single processorfpr The span is the running time
if we could run each strand on its own processor—in other gjoifdve had an
unlimited number of processors—and so we denote the spdi,by

The work and span provide lower bounds on the running tifneof a multi-
threaded computation aR processors:

* In one step, an ideal parallel computer wighprocessors can do at moBt
units of work, and thus iffp time, it can perform at mos® 7p» work. Since the
total work to do isT;, we haveP Tp > T;. Dividing by P yields thework law:

Tp > T/P . (27.2)

* A P-processor ideal parallel computer cannot run any fasem thmachine
with an unlimited number of processors. Looked at anothey, wamachine
with an unlimited number of processors can emulaie-processor machine by
using justP of its processors. Thus, tlspan lawfollows:

Tp > Too . (27.3)

We define thespeedupof a computation onP processors by the ratib, / Tp,
which says how many times faster the computation isRrprocessors than
on1 processor. By the work law, we havE > T,/P which implies that
T,/Tp < P. Thus, the speedup oR processors can be at maBt When the
speedup is linear in the number of processors, that is, Wheti, = ©(P), the
computation exhibitdinear speedup and whenT,/Tp = P, we haveperfect
linear speedup

The ratio T,/ T, of the work to the span gives thgarallelism of the multi-
threaded computation. We can view the parallelism frometlprerspectives. As a
ratio, the parallelism denotes the average amount of wartkcdin be performed in
parallel for each step along the critical path. As an uppemdopthe parallelism
gives the maximum possible speedup that can be achievedyamuarber of pro-
cessors. Finally, and perhaps most important, the pasatigbrovides a limit on
the possibility of attaining perfect linear speedup. Sieally, once the number of
processors exceeds the parallelism, the computation taossibly achieve per-
fect linear speedup. To see this last point, supposeRhatT, /T, in which case
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the span law implies that the speedup satisfigslp < T,/ T < P. Moreover,
if the numberP of processors in the ideal parallel computer greatly exseld
parallelism—that is, ifP > T,/T.—thenT;/Tp <« P, so that the speedup is
much less than the number of processors. In other words, ¢ine processors we
use beyond the parallelism, the less perfect the speedup.

As an example, consider the computation B{%) in Figure 27.2, and assume
that each strand takes unit time. Since the worKis= 17 and the span i%,, = 8,
the parallelism i€l /T, = 17/8 = 2.125. Consequently, achieving much more
than double the speedup is impossible, no matter how margegsors we em-
ploy to execute the computation. For larger input sizes,évay we shall see that
P-FiB (n) exhibits substantial parallelism.

We define the(parallel) slacknessof a multithreaded computation executed
on an ideal parallel computer witR processors to be the ratid@,/7T)/P =
T./(PTs), which is the factor by which the parallelism of the compigtatex-
ceeds the number of processors in the machine. Thus, ifdbkress is less thdn
we cannot hope to achieve perfect linear speedup, bed@ayée T,,) < 1 and the
span law imply that the speedup éhprocessors satisfidg /Tp < T,/ Tw < P.
Indeed, as the slackness decreases frémward0, the speedup of the computation
diverges further and further from perfect linear speedfithd slackness is greater
thanl, however, the work per processor is the limiting constrais we shall see,
as the slackness increases fropa good scheduler can achieve closer and closer
to perfect linear speedup.

Scheduling

Good performance depends on more than just minimizing th& amd span. The
strands must also be scheduled efficiently onto the procesddhe parallel ma-
chine. Our multithreaded programming model provides no teagpecify which
strands to execute on which processors. Instead, we relyeooancurrency plat-
form’s scheduler to map the dynamically unfolding compotato individual pro-
cessors. In practice, the scheduler maps the strands i tsi@ads, and the op-
erating system schedules the threads on the processorsetves) but this extra
level of indirection is unnecessary for our understandihgoheduling. We can
just imagine that the concurrency platform’s scheduler sreiands to processors
directly.

A multithreaded scheduler must schedule the computatidh né advance
knowledge of when strands will be spawned or when they withplete—it must
operateon-line. Moreover, a good scheduler operates in a distributed dashi
where the threads implementing the scheduler cooperatathblalance the com-
putation. Provably good on-line, distributed scheduletistebut analyzing them
is complicated.
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Instead, to keep our analysis simple, we shall investigateraline centralized
scheduler, which knows the global state of the computatiang given time. In
particular, we shall analyzgreedy schedulerswhich assign as many strands to
processors as possible in each time step. If at |Basirands are ready to execute
during a time step, we say that the step maplete stepand a greedy scheduler
assigns anyP of the ready strands to processors. Otherwise, fewer thatrands
are ready to execute, in which case we say that the stepimamplete stepand
the scheduler assigns each ready strand to its own processor

From the work law, the best running time we can hope forfomprocessors
is Tp = T,/P, and from the span law the best we can hope fofis= T,.
The following theorem shows that greedy scheduling is grtyvgood in that it
achieves the sum of these two lower bounds as an upper bound.

Theorem 27.1
On an ideal parallel computer witR processors, a greedy scheduler executes a
multithreaded computation with wofk, and sparf, in time

Tp < Ty/P + Tw . (27.4)

Proof We start by considering the complete steps. In each comptefg the
P processors together perform a total Bfwork. Suppose for the purpose of
contradiction that the number of complete steps is strigtyater than7,/P |.
Then, the total work of the complete steps is at least

pP-(Iy/P|+1) = P|TW/P]+P
= T, —(Ty modP)+ P (byequation (3.8))
> T (by inequality (3.9)) .

Thus, we obtain the contradiction that tReprocessors would perform more work
than the computation requires, which allows us to conclindé the number of
complete steps is at mogt, /P |.

Now, consider an incomplete step. L@tbe the dag representing the entire
computation, and without loss of generality, assume thah e#rand takes unit
time. (We can replace each longer strand by a chain of uné-strands.) Lef’
be the subgraph aF that has yet to be executed at the start of the incomplete step
and letG” be the subgraph remaining to be executed after the incomglep. A
longest path in a dag must necessarily start at a vertex witlegreed. Since an
incomplete step of a greedy scheduler executes all straitdsnadegreed in G/,
the length of a longest path " must bel less than the length of a longest path
in G’. In other words, an incomplete step decreases the span ofiéixecuted dag
by 1. Hence, the number of incomplete steps is at nigst

Since each step is either complete or incomplete, the thretokows. [
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The following corollary to Theorem 27.1 shows that a greechesduler always
performs well.

Corollary 27.2

The running timeTp of any multithreaded computation scheduled by a greedy
scheduler on an ideal parallel computer wihprocessors is within a factor af

of optimal.

Proof LetT7 be the running time produced by an optimal scheduler on aimach
with P processors, and léf; andT,, be the work and span of the computation,
respectively. Since the work and span laws—inequaliti#s2j2and (27.3)—give
usTy > maxT,/P, T), Theorem 27.1 implies that

Tp < T\/P + Ta
2. ma)(Tl/P’ TOO)

2Tp . ]

IA TN IA

The next corollary shows that, in fact, a greedy schedulBieses near-perfect
linear speedup on any multithreaded computation as thkrsdas grows.

Corollary 27.3

Let Tp be the running time of a multithreaded computation produned greedy
scheduler on an ideal parallel computer wRhprocessors, and |6, and T, be
the work and span of the computation, respectively. The®, & T,/ Ty, We
haveTp ~ T,/ P, or equivalently, a speedup of approximatély

Proof If we suppose thaf « T,/T., then we also havé&,, « T,/P, and
hence Theorem 27.1 gives U% < T,/P + T« ~ T;/P. Since the work
law (27.2) dictates thal» > T,/P, we conclude thaf» ~ T,/P, or equiva-
lently, that the speedup & /Tp ~ P. [

The « symbol denotes “much less,” but how much is “much less™? Asla r
of thumb, a slackness of at ledgt—that is, 10 times more parallelism than pro-
cessors—generally suffices to achieve good speedup. Themspan term in the
greedy bound, inequality 27.4, is less thEi% of the work-per-processor term,
which is good enough for most engineering situations. Fangxe, if a computa-
tion runs on only 10 or 100 processors, it doesn’t make sensgeltie parallelism
of, say 1,000,000 over parallelism of 10,000, even with #etdr of 100 differ-
ence. As Problem 27-2 shows, sometimes by reducing extremadlglism, we
can obtain algorithms that are better with respect to otbecerns and which still
scale up well on reasonable numbers of processors.
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A
—> A > B |——> < >
B

Work: T;(A U B) = Ty (A) + T,(B) Work: T (A U B) = T;(A) + Ty(B)
Span: T, (AU B) = Too(A) + Too(B) Span:To.(A U B) = maxX(Tw(A), To(B))

() (b)

Figure 27.3 The work and span of composed subcomputatiqay.When two subcomputations
are joined in series, the work of the composition is the sunthefr work, and the span of the
composition is the sum of their spané) When two subcomputations are joined in parallel, the
work of the composition remains the sum of their work, butgpan of the composition is only the
maximum of their spans.

Analyzing multithreaded algorithms

We now have all the tools we need to analyze multithreadeatigthgns and provide
good bounds on their running times on various numbers ofgssmrs. Analyzing
the work is relatively straightforward, since it amountatithing more than ana-
lyzing the running time of an ordinary serial algorithm—relyn the serialization
of the multithreaded algorithm—uwhich you should alreadyfdmailiar with, since
that is what most of this textbook is about! Analyzing thersggamore interesting,
but generally no harder once you get the hang of it. We shadisiiigate the basic
ideas using the P4B program.

Analyzing the workT (rn) of P-HB(n) poses no hurdles, because we've already
done it. The original B procedure is essentially the serialization of B-Fand
henceT(n) = T(n) = ©(¢") from equation (27.1).

Figure 27.3 illustrates how to analyze the span. If two soijatations are
joined in series, their spans add to form the span of theirpasition, whereas
if they are joined in parallel, the span of their compositiethe maximum of the
spans of the two subcomputations. For B ), the spawned call to P+B(n—1)
in line 3 runs in parallel with the call to P+&(n — 2) in line 4. Hence, we can
express the span of Pin) as the recurrence

Tow(n) = maXTu(n—1),Teo(n —2)) +6(1)
= Tem—1)+001),
which has solutiorf,, (n) = O (n).

The parallelism of P-B(n) is T1(n)/ Tw(n) = ©(¢"/n), which grows dra-
matically asn gets large. Thus, on even the largest parallel computersycesh
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value forn suffices to achieve near perfect linear speedup fond#{#h, because
this procedure exhibits considerable parallel slackness.

Parallel loops

Many algorithms contain loops all of whose iterations caarafe in parallel. As
we shall see, we can parallelize such loops usingstla@/n and sync keywords,
but it is much more convenient to specify directly that tlegations of such loops
can run concurrently. Our pseudocode provides this funatity via theparallée
concurrency keyword, which precedes fbe keyword in afor loop statement.
As an example, consider the problem of multiplyingrar n matrix A = (a;;)
by ann-vectorx = (x;). The resulting:-vectory = (y;) is given by the equation

n
Yi = Zaijxj )
Jj=1

fori = 1,2,...,n. We can perform matrix-vector multiplication by computialty
the entries ofy in parallel as follows:

MAT-VEC(A, x)

1 n = A.rows

2 lety be a new vector of length
3 paralefori = 1ton

4 yi = 0

5 pardldfori = 1ton

6 for j = 1ton

7 Yi = yi +ai;x;

8 returny

In this code, theparallel for keywords in lines 3 and 5 indicate that the itera-
tions of the respective loops may be run concurrently. A denpan implement
eachparalld for loop as a divide-and-conquer subroutine using nestedeksad.
For example, thearalld for loop in lines 5—7 can be implemented with the call
MAT-VEC-MAIN-LOOP(A, x, y,n, 1,n), where the compiler produces the auxil-
iary subroutine MT-VEC-MAIN-LOOP as follows:
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Figure27.4 A dag representing the computation oMV EC-MAIN-LOORA, x, y,8,1,8). The
two numbers within each rounded rectangle give the valugbeofast two parameters &ndi’ in

the procedure header) in the invocation (spawn or call) efgfocedure. The black circles repre-
sent strands corresponding to either the base case or theffihe procedure up to the spawn of
MAT-VEC-MAIN-LooOPIn line 5; the shaded circles represent strands correspgrdithe part of
the procedure that calls M-VEC-MAIN-LooPiIn line 6 up to thesyncin line 7, where it suspends
until the spawned subroutine in line 5 returns; and the wtiitdes represent strands corresponding
to the (negligible) part of the procedure after yac up to the point where it returns.

MAT-VEC-MAIN-LOOP(A, x, y,n,i,i’)

1 ifi==y

2 for j = 1ton

3 Yi = Yyi +aijx;
4 esemid = |(i +i')/2]

5 spawn MAT-VEC-MAIN-LOOP(A, x, y,n,i, mid)
6 MAT-VEC-MAIN-LOOP(A, x, y,n,mid + 1,i")
7 sync

This code recursively spawns the first half of the iteratiohthe loop to execute
in parallel with the second half of the iterations and theecetes aync, thereby
creating a binary tree of execution where the leaves argithdil loop iterations,
as shown in Figure 27.4.

To calculate the worll’; (n) of MAT-V EC on ann xn matrix, we simply compute
the running time of its serialization, which we obtain bylesing theparallel for
loops with ordinaryfor loops. Thus, we havé,(n) = ©(n?), because the qua-
dratic running time of the doubly nested loops in lines 5—hihates. This analysis
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seems to ignore the overhead for recursive spawning in imgiéing the parallel
loops, however. In fact, the overhead of recursive spawda®s increase the work

of a parallel loop compared with that of its serializationt hot asymptotically.

To see why, observe that since the tree of recursive proeddatances is a full
binary tree, the number of internal noded iewer than the number of leaves (see
Exercise B.5-3). Each internal node performs constant widivide the iteration
range, and each leaf corresponds to an iteration of the lebgh takes at least
constant time®(n) time in this case). Thus, we can amortize the overhead of re-
cursive spawning against the work of the iterations, cbatiing at most a constant
factor to the overall work.

As a practical matter, dynamic-multithreading concurygplatforms sometimes
coarsenthe leaves of the recursion by executing several iterafioassingle leaf,
either automatically or under programmer control, thensdgucing the overhead
of recursive spawning. This reduced overhead comes at ffeneg of also reduc-
ing the parallelism, however, but if the computation hadiceht parallel slack-
ness, near-perfect linear speedup need not be sacrificed.

We must also account for the overhead of recursive spawniegnanalyzing the
span of a parallel-loop construct. Since the depth of réaczlling is logarithmic
in the number of iterations, for a parallel loop withiterations in which the'th
iteration has spaiter .. (i), the span is

Too(n) = O(gn) + 1m_ax iteroo (i) .

For example, for MT-VEC on ann x n matrix, the parallel initialization loop in
lines 3—4 has spaf(Ig n), because the recursive spawning dominates the constant-
time work of each iteration. The span of the doubly nestegdom lines 5-7

is ®(n), because each iteration of the ouparallel for loop contains: iterations

of the inner (serial¥or loop. The span of the remaining code in the procedure
is constant, and thus the span is dominated by the doublgchézbps, yielding

an overall span oB(n) for the whole procedure. Since the work@gn?), the
parallelism is®(n?)/©(n) = O(n). (Exercise 27.1-6 asks you to provide an
implementation with even more parallelism.)

Race conditions

A multithreaded algorithm igeterministicif it always does the same thing on the
same input, no matter how the instructions are scheduleth@multicore com-
puter. It isnondeterministicif its behavior might vary from run to run. Often, a
multithreaded algorithm that is intended to be deternimistils to be, because it
contains a “determinacy race.”

Race conditions are the bane of concurrency. Famous raceibaigde the
Therac-25 radiation therapy machine, which killed threepbe and injured sev-
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eral others, and the North American Blackout of 2003, whethdver 50 million
people without power. These pernicious bugs are notogduesid to find. You can
run tests in the lab for days without a failure only to disaotheat your software
sporadically crashes in the field.

A determinacy raceoccurs when two logically parallel instructions access the
same memory location and at least one of the instructionfenpes a write. The
following procedure illustrates a race condition:

RACE-EXAMPLE ()

1 x=0

2 paralefori =1to2
3 x=x+1

4 printx

After initializing x to 0 in line 1, RACE-EXAMPLE creates two parallel strands,
each of which increments in line 3. Although it might seem that ACE-
ExAMPLE should always print the valu(its serialization certainly does), it could
instead print the valué. Let’s see how this anomaly might occur.

When a processor incrementsthe operation is not indivisible, but is composed
of a sequence of instructions:

1. Readx from memory into one of the processor’s registers.
2. Increment the value in the register.

3. Write the value in the register back intdn memory.

Figure 27.5(a) illustrates a computation dag represertingexecution of RCE-
ExAMPLE, with the strands broken down to individual instructionsecRll that
since an ideal parallel computer supports sequential stamsly, we can view the
parallel execution of a multithreaded algorithm as an lagting of instructions
that respects the dependencies in the dag. Part (b) of the fafpows the values
in an execution of the computation that elicits the anomahe valuex is stored
in memory, and-; andr, are processor registers. In step 1, one of the processors
setsx t0 0. In steps 2 and 3, processor 1 readsom memory into its register,
and increments it, producing the vallieén r,. At that point, processor 2 comes
into the picture, executing instructions 4—6. Process@a@sx from memory into
registerr,; increments it, producing the valdein r,; and then stores this value
into x, settingx to 1. Now, processor 1 resumes with step 7, storing the value
in r; into x, which leaves the value of unchanged. Therefore, step 8 prints the
valuel, rather thar, as the serialization would print.

We can see what has happened. If the effect of the paralleLigga were that
processor 1 executed all its instructions before proce3stire value2 would be
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print x
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Figure27.5 lllustration of the determinacy race imRE-EXAMPLE. (a) A computation dag show-
ing the dependencies among individual instructions. Tloegssor registers arg andr,. Instruc-
tions unrelated to the race, such as the implementatioropfdontrol, are omittedb) An execution
sequence that elicits the bug, showing the values f memory and registers; andr, for each
step in the execution sequence.

printed. Conversely, if the effect were that processor Zebeal all its instructions
before processor 1, the val@avould still be printed. When the instructions of the
two processors execute at the same time, however, it istpesas in this example
execution, that one of the updatesxtés lost.

Of course, many executions do not elicit the bug. For exanifpllee execution
order were(1,2,3,4,5,6,7,8) or{(1,4,5,6,2,3,7,8), we would get the cor-
rect result. That’s the problem with determinacy races. egadlty, most orderings
produce correct results—such as any in which the instmstan the left execute
before the instructions on the right, or vice versa. But samerings generate
improper results when the instructions interleave. Couneetly, races can be ex-
tremely hard to test for. You can run tests for days and neeeitlse bug, only to
experience a catastrophic system crash in the field wheruticeroe is critical.

Although we can cope with races in a variety of ways, inclgdiising mutual-
exclusion locks and other methods of synchronization, torpurposes, we shall
simply ensure that strands that operate in paralleiradependent they have no
determinacy races among them. Thus, paeallel for construct, all the iterations
should be independent. Betweerggawn and the correspondingync, the code
of the spawned child should be independent of the code of dhenfy including
code executed by additional spawned or called childrene @it arguments to a
spawned child are evaluated in the parent before the agiaalrsoccurs, and thus
the evaluation of arguments to a spawned subroutine is iessefth any accesses
to those arguments after the spawn.
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As an example of how easy it is to generate code with races, ikex faulty
implementation of multithreaded matrix-vector multigiimn that achieves a span
of ®(Ign) by parallelizing the innefor loop:

MAT-VEC-WRONG(A4, x)

1 n = A.rows
2 lety be a new vector of length
3 paralefori = 1ton

4 yi = 0

5 paralefori = 1ton

6 paralle for j = 1ton

7 Yi = Yyi +aijx;

8 returny

This procedure is, unfortunately, incorrect due to racesiiatingy; in line 7,
which executes concurrently for allvalues ofj . Exercise 27.1-6 asks you to give
a correct implementation witB(Ig n) span.

A multithreaded algorithm with races can sometimes be cbrr&s an exam-
ple, two parallel threads might store the same value intcageshvariable, and it
wouldn’t matter which stored the value first. Generally, bger, we shall consider
code with races to be illegal.

A chess lesson

We close this section with a true story that occurred duriveydevelopment of
the world-class multithreaded chess-playing progkgocrates [81], although the
timings below have been simplified for exposition. The papgrwas was proto-
typed on a32-processor computer but was ultimately to run on a superotenp
with 512 processors. At one point, the developers incorporated fimiagtion
into the program that reduced its running time on an impof@mnchmark on the
32-processor machine froffy, = 65 seconds td’;, = 40 seconds. Yet, the devel-
opers used the work and span performance measures to ceticaidhe optimized
version, which was faster @2 processors, would actually be slower than the orig-
inal version orb12 processsors. As a result, they abandoned the “optimizéation

Here is their analysis. The original version of the prograad tvork7; = 2048
seconds and spaf,, = 1 second. If we treat inequality (27.4) as an equation,
Tp = T,/P + T4, and use it as an approximation to the running timePopro-
cessors, we see that indegg = 2048/32 + 1 = 65. With the optimization, the
work becamel] = 1024 seconds and the span becafife = 8 seconds. Again
using our approximation, we gét, = 1024/32 + 8 = 40.

The relative speeds of the two versions switch when we ceuhe running
times on512 processors, however. In particular, we hdyg = 2048/5124+1 =5
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seconds, andy,, = 1024/512 + 8 = 10 seconds. The optimization that sped up
the program or32 processors would have made the program twice as slofl 2n
processors! The optimized version’s spa oivhich was not the dominant term in
the running time or32 processors, became the dominant terns &h processors,
nullifying the advantage from using more processors.

The moral of the story is that work and span can provide a bettans of
extrapolating performance than can measured running times

Exercises

27.1-1

Suppose that we spawn Rein — 2) in line 4 of P-FB, rather than calling it
as is done in the code. What is the impact on the asymptoti&,vaman, and
parallelism?

27.1-2

Draw the computation dag that results from executingIP¢H. Assuming that
each strand in the computation takes unit time, what are th&,vgpan, and par-
allelism of the computation? Show how to schedule the da® pnocessors using
greedy scheduling by labeling each strand with the timeistegich it is executed.

27.1-3
Prove that a greedy scheduler achieves the following timmtowhich is slightly
stronger than the bound proven in Theorem 27.1.

< Tl_Too

Tp < 2

+ T . (27.5)

27.1-4

Construct a computation dag for which one execution of adyreseheduler can
take nearly twice the time of another execution of a greetigdaler on the same
number of processors. Describe how the two executions wwolcked.

27.1-5

Professor Karan measures her deterministic multithreadgadrithm on4, 10,
and 64 processors of an ideal parallel computer using a greedydstdre She
claims that the three runs yieldeéd = 80 seconds,7;, = 42 seconds, and
Ts4 = 10 seconds. Argue that the professor is either lying or incdaerge Hint:
Use the work law (27.2), the span law (27.3), and inequal.g) from Exer-
cise 27.1-3.)
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27.1-6
Give a multithreaded algorithm to multiply anx n matrix by ann-vector that
achievesd (n?/ Ig n) parallelism while maintaining (n2) work.

27.1-7
Consider the following multithreaded pseudocode for fpaség am x»n matrix A
in place:

P-TRANSPOSHA)

1 n = A.rows

2 parale for j =2ton

3 paralld fori = 1toj —1
4 exchanger;; with a;;

Analyze the work, span, and parallelism of this algorithm.

27.1-8

Suppose that we replace tharalle for loop in line 3 of P-TRANSPOSE(See Ex-
ercise 27.1-7) with an ordinarfpr loop. Analyze the work, span, and parallelism
of the resulting algorithm.

27.1-9
For how many processors do the two versions of the chessamsgrun equally
fast, assuming théfp = T,/ P + To?

27.2 Multithreaded matrix multiplication

In this section, we examine how to multithread matrix miuiltgtion, a problem

whose serial running time we studied in Section 4.2. Wetlki@at multithreaded

algorithms based on the standard triply nested loop, asasalivide-and-conquer
algorithms.

Multithreaded matrix multiplication

The first algorithm we study is the straighforward algorithased on parallelizing
the loops in the procedure@@ARE-MATRIX-MULTIPLY on page 75:
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P-SQUARE-MATRIX-MULTIPLY (A4, B)

Cij = Cij + ik - by,

1 n = A.rows

2 letC be a new: x n matrix
3 pardle fori = 1ton

4 paralle for j = 1ton
5 Cij = 0

6 fork = 1ton

7

8

return C

To analyze this algorithm, observe that since the seri#dizaf the algorithm is
just SQUARE-MATRIX-MULTIPLY, the work is therefore simplf; (n) = ©n?),
the same as the running time oQBARE-MATRIX-MULTIPLY. The span is
To(n) = ©O(n), because it follows a path down the tree of recursion for the
paralle for loop starting in line 3, then down the tree of recursion feryhralle
for loop starting in line 4, and then executesmaiterations of the ordinarfor loop
starting in line 6, resulting in a total span @f(lgn) + ©(gn) + ©(n) = BO(n).
Thus, the parallelism i®(n3)/®(n) = ©(n?). Exercise 27.2-3 asks you to par-
allelize the inner loop to obtain a parallelism @f(lg»), which you cannot do
straightforwardly usingparalle for, because you would create races.

A divide-and-conquer multithreaded algorithm for matrix multiplication

As we learned in Section 4.2, we can multiplyx n matrices serially in time
®(n'97) = 0(n*?") using Strassen’s divide-and-conquer strategy, whichvaiats
us to look at multithreading such an algorithm. We begin, aglig in Section 4.2,
with multithreading a simpler divide-and-conquer aldamit

Recall from page 77 that theg®ARE-MATRIX-MULTIPLY-RECURSIVE proce-
dure, which multiplies twa x n matricesA and B to produce the: x n matrix C,
relies on partitioning each of the three matrices into ol x n/2 submatrices:

All A12 Bll BIZ Cll C12
A= , B= , C= .
(AZI A22 BZI BZZ C21 C22
Then, we can write the matrix product as
Cll CIZ All AIZ Bll BIZ
C21 C22 A21 AZZ BZI BZZ
AllBll AIIBIZ AIZBZI AIZBZZ
= . 27.6
(Aleu Alelz) + (A22321 Azszz) (27.6)

Thus, to multiply twar xn matrices, we perform eight multiplicationsmof2xn /2
matrices and one addition afn matrices. The following pseudocode implements
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this divide-and-conquer strategy using nested paratteli$tinlike the SQUARE-
MATRIX-MULTIPLY-RECURSIVE procedure on which it is based, PAVRIX-
MULTIPLY-RECURSIVE takes the output matrix as a parameter to avoid allocating
matrices unnecessarily.

P-MATRIX-MULTIPLY-RECURSIVE(C, A, B)

1 n = A.rows

2 ifn==1

3 ci1 = anbn

4 €eseletT be a new: x n matrix

5 partitionA4, B, C, andT inton/2 x n/2 submatrices
Aq1, A1z, Az, Az Bii, Bia, Bay, By Ciy, Ciz, Cop, Coa;
andTyy, T1,, T51, T, respectively

6 spawn P-MATRIX-MULTIPLY-RECURSIVE(Cyy, A11, B11)
7 spawn P-MATRIX-MULTIPLY-RECURSIVE(Cy,, A11, B12)
8 spawn P-MATRIX-MULTIPLY-RECURSIVE(C,, As1, Bi1)
9 spawn P-MATRIX-MULTIPLY-RECURSIVE(C,,, A1, Bi2)
10 spawn P-MATRIX-MULTIPLY-RECURSIVE(T}1, A12, Ba1)
11 spawn P-MATRIX-MULTIPLY-RECURSIVE(T),, A12, Byy)
12 spawn P-MATRIX-MULTIPLY-RECURSIVE(T51, A2z, Ba1)
13 P-MATRIX-MULTIPLY-RECURSIVE(T5,, Ays, Byy)
14 sync
15 parallel fori = 1ton
16 parallel for j = 1ton
17 Cij = Cij + ll‘j

Line 3 handles the base case, where we are multiplyind matrices. We handle
the recursive case in lines 4-17. We allocate a temporaryixigtin line 4, and
line 5 partitions each of the matricets B, C, andT inton/2 x n/2 submatrices.
(As with SQUARE-MATRIX-MULTIPLY-RECURSIVE oOn page 77, we gloss over
the minor issue of how to use index calculations to represebinatrix sections
of a matrix.) The recursive call in line 6 sets the submaffix to the submatrix
productA,, B, so thatC;; equals the first of the two terms that form its sum in
equation (27.6). Similarly, lines 7-9 s€%,, C,;, andC,, to the first of the two
terms that equal their sums in equation (27.6). Line 10 $etstibmatrix7y, to
the submatrix product, B,;, so that7}, equals the second of the two terms that
form Cy;’s sum. Lines 11-13 sdf;,, 7»;, andT,, to the second of the two terms
that form the sums o€;,, C,;, and C,,, respectively. The first seven recursive
calls are spawned, and the last one runs in the main strareisyihh statement in
line 14 ensures that all the submatrix products in lines Gyx&& been computed,
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after which we add the products framinto C in using the doubly nestgghrallel
for loops in lines 15-17.

We first analyze the world4,(n) of the P-MATRIX-MULTIPLY-RECURSIVE
procedure, echoing the serial running-time analysis oprtsyenitor UARE-
MATRIX-MULTIPLY-RECURSIVE In the recursive case, we partition@f1) time,
perform eight recursive multiplications ef/2 x n/2 matrices, and finish up with
the ®(n?) work from adding twon x n matrices. Thus, the recurrence for the
work M, (n) is

Mi(n) = 8Mi(n/2) + O(n?)
()

by case 1 of the master theorem. In other words, the work ofrautithreaded al-
gorithm is asymptotically the same as the running time ofotteeedure SUARE-
MATRIX-MULTIPLY in Section 4.2, with its triply nested loops.

To determine the spai,(n) of P-MATRIX-MULTIPLY-RECURSIVE, we first
observe that the span for partitioning@g1), which is dominated by th&(Ig»)
span of the doubly nestauhralld for loops in lines 15-17. Because the eight
parallel recursive calls all execute on matrices of the ssimee the maximum span
for any recursive call is just the span of any one. Hence, ¢oarrence for the
spanM,.(n) of P-MATRIX-MULTIPLY-RECURSIVE IS

Moo(n) = Moo(n/2) + O(gn) . (27.7)

This recurrence does not fall under any of the cases of theemtmeorem, but
it does meet the condition of Exercise 4.6-2. By Exercise24.therefore, the
solution to recurrence (27.7) Mo (n) = O(Ig*n).

Now that we know the work and span of PAVRIX-MULTIPLY-RECURSIVE,
we can compute its parallelism &, (n)/M..(n) = O(n®/Ig*n), which is very
high.

Multithreading Strassen’s method

To multithread Strassen’s algorithm, we follow the sameeganoutline as on
page 79, only using nested parallelism:

1. Divide the input matricegl and B and output matrixC into n/2 x n/2 sub-
matrices, as in equation (27.6). This step takg$) work and span by index
calculation.

2. Createl0 matricesS,, S-, ..., S1o, €ach of which is:/2 x n/2 and is the sum
or difference of two matrices created in step 1. We can cralht) matrices
with ®(n?) work and®(lg ) span by using doubly nestgdrallel for loops.
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3. Using the submatrices created in step 1 and tbematrices created in
step 2, recursively spawn the computation of sevghx n/2 matrix products
Py, P, ..., P;.

4. Compute the desired submatriaég, C;,, C,;, C,, of the result matrixC by
adding and subtracting various combinations of fhematrices, once again
using doubly nestegarallel for loops. We can compute all four submatrices
with ©(n?) work and®(Ig n) span.

To analyze this algorithm, we first observe that since thalsmtion is the
same as the original serial algorithm, the work is just thenmg time of the
serialization, namely®(n'97). As for P-MATRIX-MULTIPLY-RECURSIVE, we
can devise a recurrence for the span. In this case, seversikecwalls exe-
cute in parallel, but since they all operate on matrices efsame size, we ob-
tain the same recurrence (27.7) as we did for RFRIX-MULTIPLY-RECURSIVE,
which has solution®(Ig?n). Thus, the parallelism of multithreaded Strassen’s
method is®(n'97 /1g? n), which is high, though slightly less than the parallelism
of P-MATRIX-MULTIPLY-RECURSIVE.

Exercises

27.2-1

Draw the computation dag for computing RXSARE-MATRIX-MULTIPLY 0N2x2
matrices, labeling how the vertices in your diagram comespto strands in the
execution of the algorithm. Use the convention that spawhcail edges point
downward, continuation edges point horizontally to thehtigand return edges
point upward. Assuming that each strand takes unit timdyaadhe work, span,
and parallelism of this computation.

27.2-2
Repeat Exercise 27.2-1 for PAVIRIX-MULTIPLY-RECURSIVE

27.2-3
Give pseudocode for a multithreaded algorithm that mudtgptworn x n matrices
with work ®(n3) but span only®(Ig n). Analyze your algorithm.

27.2-4

Give pseudocode for an efficient multithreaded algorithat thultiplies ap x ¢
matrix by ag x r matrix. Your algorithm should be highly parallel even if aofy
p,q,andr arel. Analyze your algorithm.
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27.2-5

Give pseudocode for an efficient multithreaded algorithat transposes anx n
matrix in place by using divide-and-conquer to divide thenmaecursively into
fourn/2 x n/2 submatrices. Analyze your algorithm.

27.2-6

Give pseudocode for an efficient multithreaded implemé@naof the Floyd-
Warshall algorithm (see Section 25.2), which computestelbpaths between all
pairs of vertices in an edge-weighted graph. Analyze yogorgghm.

27.3 Multithreaded merge sort

We first saw serial merge sort in Section 2.3.1, and in Se@i82 we analyzed its
running time and showed it to be(n Ign). Because merge sort already uses the
divide-and-conquer paradigm, it seems like a terrific caaidi for multithreading
using nested parallelism. We can easily modify the pseutitb@o that the first
recursive call is spawned:

MERGESORT (4, p.r)

ifp<r
qg=1(p+r)/2]
spawn MERGE-SORT (4, p, q)
MERGESORT (4,q + 1,7)

sync
MERGE(A, p,q.r1)

OO0k, WN PP

Like its serial counterpart, FRGESORT sorts the subarrayl[p ..r]. After the
two recursive subroutines in lines 3 and 4 have completed;hwb ensured by the
sync statement in line 5, MRGE-SORT calls the same MRGE procedure as on
page 31.

Let us analyze MRGESORT . To do so, we first need to analyzeEHGE Re-
call that its serial running time to mergeelements i®(n). Because MRGEIs
serial, both its work and its span a®gn). Thus, the following recurrence charac-
terizes the worlMS, (n) of MERGE-SORT onn elements:

MS/(n) = 2MS(n/2) + ©(n)
= Onlgn),
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P q1 i P2 qa T2
T ... <x |x| > x <x |2x|
\merge copy merg
A <Xx |x| > Xx
D3 q3 r3

Figure 27.6 The idea behind the multithreaded merging of two sorted sapa T[p; ..r1]
andT [p, .. rz] into the subarray[ps . . r3]. Lettingx = T'[¢1] be the median of [p; .. r1] andg,
be the place iff'[p5 .. r2] such thatx would fall betweenT [¢> — 1] and T'[¢2], every element in
subarrays'[p1..q1 — 1] andT'[p> .. g2 — 1] (lightly shaded) is less than or equaltpand every
element in the subarraysg, + 1..r1]andT g2 + 1.. ;] (heavily shaded) is at least To merge,
we compute the indeys wherex belongs inA[ps ..r3], copyx into A[gs], and then recursively
mergeT [p1..q1 —1]with T[pa..q2 — 1] into A[p3..q3 — 1] andT[g1 + 1..r1] with T[gz ..72]
into A[gz +1..r3].

which is the same as the serial running time of merge sorteSime two recursive
calls of MERGE-SORT can run in parallel, the spaiS_ is given by the recurrence

MS_(n) = MS_(n/2)+ O(n)
= 0O0).

Thus, the parallelism of MRGESORT comes toMS, (n)/MS, (n) = O(lgn),

which is an unimpressive amount of parallelism. To sort 10ioni elements, for
example, it might achieve linear speedup on a few processaitsit would not
scale up effectively to hundreds of processors.

You probably have already figured out where the parallelisitldneck is in
this multithreaded merge sort: the seriaeRtGE procedure. Although merging
might initially seem to be inherently serial, we can, in fdashion a multithreaded
version of it by using nested parallelism.

Our divide-and-conquer strategy for multithreaded megygiwhich is illus-
trated in Figure 27.6, operates on subarrays of an afraySuppose that we
are merging the two sorted subarraf$p, ..r,] of lengthn, = r, — p; + 1
andT[p,..r,] of lengthn, = r, — p, + 1 into another subarray[ps . . r;], of
lengthn; = r3 — ps + 1 = n; + n,. Without loss of generality, we make the sim-
plifying assumption that; > n,.

We first find the middle element = TJ[g;] of the subarrayT[p; ..ri],
wheregq; = |[(p1 +r1)/2]. Because the subarray is sorted,is a median
of T[p;..r]: every element irf’[p;..q; — 1] is no more tharx, and every el-
ement inT[¢q; + 1..r;] is no less tharx. We then use binary search to find the
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indexgq, in the subarrayl’[p, . . r,] so that the subarray would still be sorted if we
insertedx betweenT [g, — 1] and 7 [g,].

We next merge the original subarra¥$p, ..r ] andT [p,..r,] into A[ps..r3]
as follows:

1. Setgs = ps + (1 — p1) + (g2 — p2).
2. Copyx into A[gs].

3. Recursively merg&|[p, ..q; — 1] with T'[p, .. ¢, — 1], and place the result into
the subarray[p;..q3 — 1].

4. Recursively merg&|q, + 1..r;] with T[¢, .. r;], and place the result into the
subarrayA[gs + 1..r3].

When we computegs, the quantityy, — p; is the number of elements in the subarray
T[p:..q1 — 1], and the quantity, — p, is the number of elements in the subarray
T[p2..q> — 1]. Thus, their sum is the number of elements that end up befare
the subarray|[ps . . rs].

The base case occurs whep = n, = 0, in which case we have no work
to do to merge the two empty subarrays. Since we have assuraethe sub-
array T'[p, ..r1] is at least as long &B[p, ..r,], that is,n; > n,, we can check
for the base case by just checking whether= 0. We must also ensure that the
recursion properly handles the case when only one of the tlvargays is empty,
which, by our assumption that > n,, must be the subarrdg[p, .. r,].

Now, let’s put these ideas into pseudocode. We start withbthary search,
which we express serially. The procedur&nBRY-SEARCH(x, T, p,r) takes a
key x and a subarra¥’[p ..r], and it returns one of the following:

s IfT[p..r]isempty ¢ < p), then it returns the index.

* If x < T[p], and hence less than or equal to all the elemenf&[pf.. r], then
it returns the index.

* If x > T[p], then it returns the largest indgxn the rangep < ¢ < r + 1 such
thatT[g — 1] < x.

Here is the pseudocode:

BINARY-SEARCH(x, T, p, 1)

1 low=p

2 high = max(p,r + 1)

3 whilelow < high

4 mid = | (low + high)/2]
5 if x < T[mid]

6 high = mid

7 dselow = mid + 1

8 return high
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The call BNARY-SEARCH(x, T, p, r) takes®(lgn) serial time in the worst case,
wheren = r — p + 1 is the size of the subarray on which it runs. (See Exer-
cise 2.3-5.) Since BIARY-SEARCH is a serial procedure, its worst-case work and
span are bot®(lgn).

We are now prepared to write pseudocode for the multithicbawlerging pro-
cedure itself. Like the MRGE procedure on page 31, the PERIGE procedure
assumes that the two subarrays to be merged lie within the samy. Un-
like MERGE, however, P-MRGE does not assume that the two subarrays to
be merged are adjacent within the array. (That is, PREME does not require
that p, = r; + 1.) Another difference between BRGE and P-MERGE is that
P-MERGE takes as an argument an output subarapnto which the merged val-
ues should be stored. The call PERIGE(T, py, 11, p2, 12, A, p3) merges the sorted
subarraysT’[p;..r1] and T'[p,..r,] into the subarrayd|[p;..rs;], wherer; =
p3t(ri—pr+D)+@2—pp+1)—1= ps+(r1—p1)+(r2—p)+ 1 and
is not provided as an input.

P-MERGE(T, p1,71, P2, 72, A, P3)

1 n,=r—p+ 1

2 Ny =71, — pr+ 1

3 if ny <np /I ensure thaﬁl >n,
4 exchangep, with p,

5 exchange; with r,

6 exchange:; with n,

7 ifn,==0 /I both empty?

8 return

9 dseqy = [(p1+11)/2]

10 q¢>» = BINARY-SEARCH(T [q1], T, p2,12)

11 g3 = p3+ (g1 — p1) + (g2 — p2)
12 Algs] = Tlq1]

13 spawn P-MERGE(T, p1.q1 — 1, p2.q2 — 1, A, p3)
14 P-MERGE(T,q; + 1,71,42,72, A, g3 + 1)
15 sync

The P-MeERGE procedure works as follows. Lines 1-2 compute the lengths
andn, of the subarrayd'[p; ..r;] and T'[p, ..r;], respectively. Lines 3-6 en-
force the assumption that; > n,. Line 7 tests for the base case, where the
subarrayT'[p; ..r;] is empty (and hence so B[ p, . .r,]), in which case we sim-
ply return. Lines 9-15 implement the divide-and-conqueatsgy. Line 9 com-
putes the midpoint of [p, ..r;], and line 10 finds the point, in T'[p, .. r,] such
that all elements irf'[p,..q, — 1] are less thar'[¢,] (which corresponds ta)
and all the elements iff'[¢, .. p,] are at least as large 89¢,]. Line 11 com-
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putes the indexy; of the element that divides the output subarey; . . r;] into
A[ps..qs — 1]andA[gs+1..r3], and then line 12 copieE[q, ] directly into A[gs].

Then, we recurse using nested parallelism. Line 13 spaverfsrst subproblem,
while line 14 calls the second subproblem in parallel. $yre statement in line 15
ensures that the subproblems have completed before thedumacreturns. (Since
every procedure implicitly executesync before returning, we could have omitted
the sync statement in line 15, but including it is good coding praefic There
is some cleverness in the coding to ensure that when therayld&fp, ..r,] is
empty, the code operates correctly. The way it works is thatazch recursive call,
a median element df[p, .. r;] is placed into the output subarray, uftilp; .. ]
itself finally becomes empty, triggering the base case.

Analysis of multithreaded merging

We first derive a recurrence for the spBN,(n) of P-MERGE where the two
subarrays contain a total of= n; +n, elements. Because the spawn in line 13 and
the call in line 14 operate logically in parallel, we needrakze only the costlier of
the two calls. The key is to understand that in the worst daganaximum number

of elements in either of the recursive calls can be at rBegt, which we see as
follows. Because lines 3—6 ensure that < n,, it follows thatn, = 2n,/2 <

(ny + ny)/2 = n/2. In the worst case, one of the two recursive calls merges
|n1/2] elements ofl'[p, ..r] with all n, elements ofl'[p, . .r,], and hence the
number of elements involved in the call is

[n1/2] +ny < ny/24ny/2+ny/2
= (i + )2+ )2

n/2+n/4

= 3n/4.

Adding in the®(Ign) cost of the call to BNARY-SEARCH in line 10, we obtain
the following recurrence for the worst-case span:

PMoo(n) = PMoo(3n/4) + O(lgn) . (27.8)

(For the base case, the spandi§l), since lines 1-8 execute in constant time.)
This recurrence does not fall under any of the cases of théemidxeorem, but it
meets the condition of Exercise 4.6-2. Therefore, the mwiub recurrence (27.8)
is PMo (1) = O(lg* n).

We now analyze the worRM, (n) of P-MERGEoNnn elements, which turns out
to be®(n). Since each of the elements must be copied from arriyto array A4,
we havePM, (n) = Q(n). Thus, it remains only to show thBM, (n) = O(n).

We shall first derive a recurrence for the worst-case worle Bihary search in
line 10 costs®(Ign) in the worst case, which dominates the other work outside

IA
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of the recursive calls. For the recursive calls, observeahihough the recursive
calls in lines 13 and 14 might merge different numbers of elets) together the
two recursive calls merge at mostlements (actually — 1 elements, sincé [¢,]
does not participate in either recursive call). Moreovemnva saw in analyzing the
span, a recursive call operates on at n3ast4 elements. We therefore obtain the
recurrence

PM,(n) = PM,(an) + PM;((1 —a)n) + O(lgn) , (27.9)

wherec lies in the rangd /4 < o < 3/4, and where we understand that the actual
value ofa may vary for each level of recursion.

We prove that recurrence (27.9) has solutikivi, = O(n) via the substitution
method. Assume th&M, (n) < c,n—c, Ign for some positive constants andc,.
Substituting gives us

PMi(n) = (cian—czlg(an)) + (ci(l —a)n —c2lg((1 — a)n)) + ©(lgn)
= ala+ (1 —a)n—c(lglen) +19((1 —a)n)) + O(lgn)
= cin—cy(lga+lgn +1g(1 —a) +Ign) + ©(gn)
= an—clgn —(c2(Ign +1g(a(l —a))) — O(gn))

< cin—clgn,

since we can chooss large enough that,(Ilgn + Ig(e(1 — «))) dominates the
®(lgn) term. Furthermore, we can choosg large enough to satisfy the base
conditions of the recurrence. Since the wétld, (n) of P-MERGE is bothQ(#)
andO(n), we havePM, (n) = O(n).

The parallelism of P-MRGEis PM, (1) /PMy(n) = O(n/Ig* n).

Multithreaded merge sort

Now that we have a nicely parallelized multithreaded meygirocedure, we can
incorporate it into a multithreaded merge sort. This versibmerge sort is similar
to the MERGE-SORT procedure we saw earlier, but unlikeBGESORT, it takes
as an argument an output subarmy which will hold the sorted result. In par-
ticular, the call P-MRGESORT(A, p, r, B, s) sorts the elements id[p ..r] and
stores them irB[s..s +r — p].
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P-MERGESORT(A, p,r, B, s)

1 n=r—p+1

2 ifn==

3 B[s] = A[p]

4 eseletT(1..n]beanew array

5 g =(p+r)/2]

6 g =q-—p+1

7 spawn P-MERGE-SORT(4, p,q. T, 1)
8 P-MERGESORT(A,q + 1,r,T,q' + 1)
9 sync
10 P-MeERGKE(T,1,q',q' + 1,n, B,s)

After line 1 computes the number of elements in the input subarrayip .. r],
lines 2—3 handle the base case when the array hasloglgment. Lines 46 set
up for the recursive spawn in line 7 and call in line 8, whicleigte in parallel. In
particular, line 4 allocates a temporary art@with n elements to store the results
of the recursive merge sorting. Line 5 calculates the inflek A[p .. r] to divide
the elements into the two subarray$p .. q] andA[g + 1..r] that will be sorted
recursively, and line 6 goes on to compute the nungberf elements in the first
subarrayA[p .. q], which line 8 uses to determine the starting indef'inf where
to store the sorted result of[g + 1..r]. At that point, the spawn and recursive
call are made, followed by thgync in line 9, which forces the procedure to wait
until the spawned procedure is done. Finally, line 10 cal§! BRGE to merge
the sorted subarrays, now Ti{1..4’] andT'[¢’ + 1..n], into the output subarray
Bls..s +r—p].

Analysis of multithreaded merge sort

We start by analyzing the wolRMS; (n) of P-MERGESORT, which is consider-
ably easier than analyzing the work of PERIGE Indeed, the work is given by the
recurrence

PMS (1) = 2PMS,(n/2) + PM, (1)
— 2PMS,(1/2) + O®).

This recurrence is the same as the recurrence (4.4) foradiMERGESORT
from Section 2.3.1 and has soluti® S, (n) = ®(nlgn) by case 2 of the master
theorem.

We now derive and analyze a recurrence for the worst-caseP&,(n). Be-
cause the two recursive calls to PERIGE-SORT on lines 7 and 8 operate logically
in parallel, we can ignore one of them, obtaining the recuoee
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PMSo(n) = PMSy(n/2) + PMu(n)
PMS,(1/2) + ©(Ig*n) . (27.10)

As for recurrence (27.8), the master theorem does not apghicurrence (27.10),
but Exercise 4.6-2 does. The solutiorPBIS, (1) = O(Ig* ), and so the span of
P-MERGESORT is O(Ig* n).

Parallel merging gives P-ERGE SORT a significant parallelism advantage over
MERGESORT. Recall that the parallelism of BRGESORT, which calls the se-
rial MERGE procedure, is only(Ign). For P-MERGE SORT, the parallelism is

PMS, (1)/PMSx(n) = ©(nlgn)/0(g’n)
O(n/1g’n)

which is much better both in theory and in practice. A goodlengentation in
practice would sacrifice some parallelism by coarseningods® case in order to
reduce the constants hidden by the asymptotic notation.straghtforward way
to coarsen the base case is to switch to an ordinary serialpgrhaps quicksort,
when the size of the array is sufficiently small.

Exercises

27.3-1
Explain how to coarsen the base case of BREE

27.3-2

Instead of finding a median element in the larger subarray-BERGEdoes, con-
sider a variant that finds a median element of all the elementse two sorted
subarrays using the result of Exercise 9.3-8. Give pseutibdor an efficient
multithreaded merging procedure that uses this mediamfingrocedure. Ana-
lyze your algorithm.

27.3-3

Give an efficient multithreaded algorithm for partitioniag array around a pivot,
as is done by theARTITION procedure on page 171. You need not partition the ar-
ray in place. Make your algorithm as parallel as possiblealyae your algorithm.
(Hint: You may need an auxiliary array and may need to make more thapass
over the input elements.)

27.3-4
Give a multithreaded version ofdR URSIVEFFT on page 911. Make your imple-
mentation as parallel as possible. Analyze your algorithm.
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27.3-5 x

Give a multithreaded version of RIDOMIZED-SELECT on page 216. Make your
implementation as parallel as possible. Analyze your #lyor (Hint: Use the
partitioning algorithm from Exercise 27.3-3.)

27.3-6 x
Show how to multithread 8_ecT from Section 9.3. Make your implementation as
parallel as possible. Analyze your algorithm.

Problems

27-1 Implementing parallel loops using nested parallelism
Consider the following multithreaded algorithm for perfong pairwise addition
onn-element arraysi[1..n] andBJ[1 .. n], storing the sums i€’ [1 .. n]:

SUM-ARRAYS(A, B, C)

1 paralle fori = 1to A.length
2 Cli] = Ali] + BJi]

a. Rewrite the parallel loop in @v-ARRAYS using nested parallelismsawn
andsync) in the manner of MT-VEC-MAIN-LOOP. Analyze the parallelism
of your implementation.

Consider the following alternative implementation of theradlel loop, which
contains a valugrain-size to be specified:

SUM-ARRAYS (4, B,C)

1 n = A.length

2 grain-size = ? /I to be determined

3 r = [n/grain-size]

4 fork =0tor—1

5 spawn ADD-SUBARRAY (4, B, C,k - grain-size + 1,
min((k + 1) - grain-size, n))

6 sync

ADD-SUBARRAY (4, B, C. i, j)

1 fork =itoj
2 Clk] = Alk] + Blk]
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b. Suppose that we sgtain-size = 1. What is the parallelism of this implemen-
tation?

c. Give a formula for the span of B1-ARRAYS' in terms ofn and grain-size.
Derive the best value farain-size to maximize parallelism.

27-2 Saving temporary space in matrix multiplication

The P-MATRIX-MULTIPLY-RECURSIVE procedure has the disadvantage that it
must allocate a temporary matrix of sizen x n, which can adversely affect the
constants hidden by th@-notation. The P-MTRIX-MULTIPLY-RECURSIVE pro-
cedure does have high parallelism, however. For exampieyiing the constants
in the ®-notation, the parallelism for multiplying000 x 1000 matrices comes to
approximately1000® /10> = 107, since Igl000 ~ 10. Most parallel computers
have far fewer thar0 million processors.

a. Describe a recursive multithreaded algorithm that elingadhe need for the
temporary matrixI” at the cost of increasing the span@gn). (Hint: Com-
puteC = C + AB following the general strategy of P-MRIX-MULTIPLY-
RECURSIVE, but initialize C in parallel and insert aync in a judiciously cho-
sen location.)

b. Give and solve recurrences for the work and span of your imeigation.

c. Analyze the parallelism of your implementation. Ignorifig constants in the
®-notation, estimate the parallelism #0600 x 1000 matrices. Compare with
the parallelism of P-MTRIX-MULTIPLY-RECURSIVE

27-3 Multithreaded matrix algorithms

a. Parallelize the LU-[BcoMPOSITION procedure on page 821 by giving pseu-
docode for a multithreaded version of this algorithm. Makeryimplementa-
tion as parallel as possible, and analyze its work, spanparallelism.

b. Do the same for LUP-BCOMPOSITIONON page 824.
c. Do the same for LUP-SLVE on page 817.

d. Do the same for a multithreaded algorithm based on equa®8rig) for in-
verting a symmetric positive-definite matrix.
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27-4 Multithreading reductions and prefix computations
A ®-reductionof an arrayx[1 .. n], where® is an associative operator, is the value

y=x[1]®x[2]®--- ® x[n].

The following procedure computes tigereduction of a subarray[i .. j] serially.

REDUCE(x, i, j)

1 y = x[i]

2 fork=i+4+1toj
3 y =y ®xl[k]
4 returny

a. Use nested parallelism to implement a multithreaded dlyoriP-ReDUCE,
which performs the same function wié(n) work and®(Ign) span. Analyze
your algorithm.

A related problem is that of computing @-prefix computation sometimes
called a®-scan on an arrayx[l..n], where® is once again an associative op-
erator. Thex-scan produces the arrayl . .n] given by

vl = x[1],

2l = x[1]®x[2],

yBl = x[1]®x[2] ®x[3],

yirl = x[]®@x2]®@x[3] ®--- ® x[n] ,

that is, all prefixes of the array “summed” using thex operator. The following
serial procedure &N performs aRx-prefix computation:

SCAN(x)
n = x.length
let y[1..n] be a new array
y[1] = x[1]
fori =2ton

ylil = yli —1] ® x[i]
return y

OOk, WN PR

Unfortunately, multithreading &N is not straightforward. For example, changing
thefor loop to aparallel for loop would create races, since each iteration of the
loop body depends on the previous iteration. The followinacpdure P-8AN-1
performs thep-prefix computation in parallel, albeit inefficiently:
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P-SCAN-1(x)

1 n = x.length

2 lety[l..n] be anew array
3 P-SAN-1-Aux(x,y,1,n)
4 returny

P-SCAN-1-AuX(x, y,i, )
1 paralle for I = ito
> y[l] = P-REDUCE(x, 1,1)

b. Analyze the work, span, and parallelism of B+8i-1.

By using nested parallelism, we can obtain a more efficguprefix computa-
tion:

P-SCcAN-2(x)

1 n = x.length

2 lety[l..n] be anew array
3 P-SAN-2-Aux(x,y,1,n)
4 returny

P-SCAN-2-AUX (x, y.i, j)

1 ifi==j

2 yli] = x[i]

3 dsek = [(i+))/2]

spawn P-SCAN-2-AUX(x, y,i,k)
P-SCAN-2-AUX (x, v,k + 1, j)

sync
paralld for [ = k +1toj

Y] = yk]® y[l]

c. Argue that P-8AN-2 is correct, and analyze its work, span, and parallelism.

co~NO O~

We can improve on both P€3\N-1 and P-&AN-2 by performing thex-prefix
computation in two distinct passes over the data. On thegfass, we gather the
terms for various contiguous subarraysxointo a temporary array, and on the
second pass we use the termg itbo compute the final result. The following
pseudocode implements this strategy, but certain expressiave been omitted:
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P-SCAN-3(x)
1 n = x.length
2 lety[l..n]andt[1..n] be new arrays
3 y[l] = x[1]
ifn>1
P-SAN-UP(x,t,2,n)
P-SAN-DOWN(x[1], x,¢, y,2,n)
return y

~N o o1 b

P-ScAN-UP(x,t,1i, )

1 ifi==j

2 return x[i]

3 dse

4 k=1G+7)/2]

5 t[k] = spawn P-SCAN-UP(x,t,i,k)

6 right = P-SCAN-UP(x,t,k + 1, )

7 sync

8 return /I fill in the blank
P-SCAN-DOWN(v, x, ¢, y,1, j)

1 ifi==j

2 yli] = v ® x[i]

3 dse

4 k=1G+/)/2]

5 spawn P-SCAN-DOWN( ,x,t,y,i,k) [/l fillin the blank
6 P-ScAN-DOWN( X, 6y, k+1,7) /I fill in the blank
7 sync

d. Fill in the three missing expressions in line 8 of BA3I-UpP and lines 5 and 6

of P-SCAN-DOWN. Argue that with expressions you supplied, BASI-3 is
correct. Hint: Prove that the value passed to P-S&AN-DOWN(v, x, ¢, y, i, j)
satisfiesy = x[1] @ x[2] ® --- ® x[i —1].)

e. Analyze the work, span, and parallelism of A3:-3.

27-5 Multithreading a simple stencil calculation

Computational science is replete with algorithms that iregghe entries of an array
to be filled in with values that depend on the values of cerddtieady computed
neighboring entries, along with other information that sle®t change over the
course of the computation. The pattern of neighboring emtdoes not change
during the computation and is callegtncil For example, Section 15.4 presents
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a stencil algorithm to compute a longest common subsequeariege the value in
entryc[i, j] depends only on the valuesdfi —1, j], c[i, j — 1], andc[i — 1, j —1],
as well as the elements and y; within the two sequences given as inputs. The
input sequences are fixed, but the algorithm fills in the tiwoethsional array so
that it computes entry|[i, j] after computing all three entrie$i —1, j], c[i, j —1],
andc[i — 1,7 —1].

In this problem, we examine how to use nested parallelism wtithread a
simple stencil calculation on an x n array A in which, of the values i, the
value placed into entryl[i, j] depends only on values id[i’, j'], wherei’ < i
and j’ < j (and of coursej’ # i or j' # j). In other words, the value in an
entry depends only on values in entries that are above ipamd/its left, along
with static information outside of the array. Furthermoses assume throughout
this problem that once we have filled in the entries upon wHigh ;] depends, we
canfillin A[i, j]1in ®(1) time (as in the LCS-ENGTH procedure of Section 15.4).

We can partition the x n array 4 into fourn /2 x n/2 subarrays as follows:

All AIZ
A= . 27.11
(Azl Azz) (27.11)

Observe now that we can fill in subarraty, recursively, since it does not depend
on the entries of the other three subarrays. Qfigels complete, we can continue

to fill in A, and A,, recursively in parallel, because although they both depend
on A, they do not depend on each other. Finally, we can filia recursively.

a. Give multithreaded pseudocode that performs this simmacdt calculation
using a divide-and-conquer algorithmv®LE-STENCIL based on the decom-
position (27.11) and the discussion above. (Don’t worryLalioe details of the
base case, which depends on the specific stencil.) Give dvel rezurrences
for the work and span of this algorithm in termsmofWhat is the parallelism?

b. Modify your solution to part (a) to divide am x n array into ninen/3 x n/3
subarrays, again recursing with as much parallelism astgessinalyze this
algorithm. How much more or less parallelism does this algor have com-
pared with the algorithm from part (a)?

c. Generalize your solutions to parts (a) and (b) as followsodsk an integer
b > 2. Divide ann xn array intob? subarrays, each of sizg b xn /b, recursing
with as much parallelism as possible. In terms:@ndb, what are the work,
span, and parallelism of your algorithm? Argue that, ushig approach, the
parallelism must be(n) for any choice ob > 2. (Hint: For this last argument,
show that the exponent of in the parallelism is strictly less thahfor any
choice ofb > 2.)
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d. Give pseudocode for a multithreaded algorithm for this $@rgtencil calcu-
lation that achieve®(n/Ign) parallelism. Argue using notions of work and
span that the problem, in fact, h@gn) inherent parallelism. As it turns out,
the divide-and-conquer nature of our multithreaded pseodi® does not let us
achieve this maximal parallelism.

27-6 Randomized multithreaded algorithms

Just as with ordinary serial algorithms, we sometimes waimhplement random-
ized multithreaded algorithms. This problem explores hovadapt the various
performance measures in order to handle the expected belofguch algorithms.
It also asks you to design and analyze a multithreaded #hgorior randomized
quicksort.

a. Explain how to modify the work law (27.2), span law (27.3)dameedy sched-
uler bound (27.4) to work with expectations whép, T;, andT,, are all ran-
dom variables.

b. Consider a randomized multithreaded algorithm for whiiéh of the time we
have T} = 10* and Typ000 = 1, but for 99% of the time we havel; =
T10.000 = 10°. Argue that thespeedupof a randomized multithreaded algo-
rithm should be defined as[E,;] /E [Tp], rather than T,/ Tp].

c. Argue that theparallelism of a randomized multithreaded algorithm should be
defined as the ratio H'] /E [T ]

d. Multithread the RNDOMIZED-QUICKSORT algorithm on page 179 by using
nested parallelism. (Do not parallelizesARDOMIZED-PARTITION.) Give the
pseudocode for your PARDOMIZED-QUICKSORT algorithm.

e. Analyze your multithreaded algorithm for randomized gsmit. Hint: Re-
view the analysis of RNDOMIZED-SELECT on page 216.)

Chapter notes

Parallel computers, models for parallel computers, anoritkgnic models for par-
allel programming have been around in various forms forgieRrior editions of
this book included material on sorting networks and the PRRIstallel Random-
Access Machine) model. The data-parallel model [48, 168hizther popular al-
gorithmic programming model, which features operationsertors and matrices
as primitives.



812

Chapter 27 Multithreaded Algorithms

Graham [149] and Brent [56] showed that there exist scheslalehieving the
bound of Theorem 27.1, and Blumofe and Leiserson [52] shaha&idany greedy
scheduler achieves the bound. Blelloch [47] developed gorighmic program-
ming model based on work and span (which he called the “depttihe com-
putation) for data-parallel programming. Blumofe and kees®n [53] gave a dis-
tributed scheduling algorithm for dynamic multithreadibgsed on randomized
“work-stealing” and showed that it achieves the bourldg < T;/P + O(Ty).
Arora, Blumofe, and Plaxton [19] and Blelloch, Gibbons, avidtias [49] also
provided provably good algorithms for scheduling dynamidtithreaded compu-
tations.

The multithreaded pseudocode and programming model wexéyafluenced
by the Cilk [51, 118] project at MIT and the Cilk++ [72] extéoss to C++ dis-
tributed by Cilk Arts, Inc. Many of the multithreaded algbrins in this chapter
appeared in unpublished lecture notes by C. E. Leisersotdafdokop and have
been implemented in Cilk or Cilk++. The multithreaded mesgeting algorithm
was inspired by an algorithm of Akl [12].

The notion of sequential consistency is due to Lamport [223]



